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Abstract

The cathode material Na,V,(POy,)3 of sodium-ion batteries displays compli-
cate phase segregation thermodynamics with anisotropic deformation during
(de)intercalation. A virtual multiscale modeling chain is established to de-
velop a 3D anisotropic chemo-mechanical phase-field model based on first-
principles calculations for Na,V,(POy)3. This model accounts for diffusion,
phase changes, anisotropic misfit strain, and anisotropic elasticity. The mul-
tiwell potential of Na,Vy(POy)s is constructed, which captures phase seg-
regation into a sodium-poor phase NaVy(PO,); and a sodium-rich phase
Na3zVa(POy)s. The elastic properties of NaVy(POy)3 are determined by first-
principles for the first time. Furthermore, we address how elastic effects and

crystal orientation influence the full 3D microstructure evolution, including
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phase evolution, interface morphology, and stress evolution in Na,V,(POy)3
particles. We find that the quasi-equilibrium single wave propagation along
[010] is determined by the anisotropic elasticity tensor. The anti-orthotropic
symmetry property of the elasticity tensor leads to the striking behavior of
warping of the interface. Furthermore, the phase boundary motion is ther-
modynamically affected by the crystal orientation, which is controlled by
minimization of the interface area. It is found that the [010] crystal ori-
entation is mechanically more reliable and recommended for Na,V,(POy)3
electrode design. Apart from yielding information about the properties of
Na,Vy(POy)s, the findings of this work may offer an opportunity to achieve
improved mechanical stability of the phase separating electrode materials by
engineering the crystal orientation.

Keywords: Sodium-ion batteries, Phase segregation, Anisotropic elasticity,

Phase-field approach, First-principles

1. Introduction

Sodium-ion batteries (NIBs) are regarded as a promising alternative to
lithium-ion batteries (LIBs) due to the wide availability, low cost of sodium,
and comparable energy density (Buchholz et all [2013; [Dou et al., 2019;
Vaalma et al., 2018). Na,Vy(POy)s, which has a NASICON (Na Super Tonic
Conductor)-type framework, is one of the most important cathode materials
for NIBs due to its excellent ionic conductivity, high voltage plateau located
at 3.4 V, high theoretical specific capacity, and thermal stability (Akcay et al.,
2021; Jian et al., 2013, 2014; Lim et al., | 2012; |Pandit et al., 2024; |Stiible et al.|
2024)). It should be noticed that Na, V,(POy)3 also exhibits a voltage plateau



at 1.6 V, which suggests its potential as a promising anode material (Akcay
et al., 20215 Jian et al., 2012; Song et al., 2014), but we focus on the cathode
function of Na,Vs(POy)s in this work. According to first principle calcu-
lations (Lim et al., 2012), if all Na sites were occupied by Na ions in each
formula unit of Na, Vo (POy)s, four cations could be completely hosted: one
surrounded by six oxygen atoms (Nal site) and three surrounded by eight
oxygen atoms (Na2 sites). However, due to the relatively unstable state of
V2* in NayVo(POy)s, it is more favorable to synthesize NazV,(POy)s, as V3
is in a more stable oxidation state. In the crystal structure of NagV,(POy)s,
one Na ion occupies the Nal site (1.0 occupancy) and two Na ions occupy
Na2 sites (0.67 occupancy) (Jian et al., 2014; |Lim et al., 2012). Upon sodium
intercalation, both in situ XRD measurement (Jian et al., 2013) and DFT
calculations (Lim et al., [2012) indicate that Na,V2(POy)s (1 < 2 < 3) un-
dergoes a two-phase reaction between NaVy(POy)s and NagVe(POy)s with a
volume mismatch of 8.26 %.

For phase separating cathode materials, lattices deform abruptly and
anisotropically when species are inserted into the storage material. The re-
spective phases has different lattice constants, leading to large concentration
gradients and thus significant stress magnitudes. These phenomena would
cause particle cracking, structural decay of storage materials, and battery ca-
pacity loss (Bistri and Di Leol 2023; |(Chang et al., 2018; |Di Leo et al., [2015;
Ganser et al., 2019; [Huang et al.| 2022; Huang and Guo, [2024; Klinsmann
et al., 2016alb; Li et al.l [2019; |Wang et al., 2021 Xu et al., 2019; Zhang et al.,
2020). For thermodynamical reasons, there is a contribution of the stresses

to the driving force for diffusion and phase changes in the storage material



(Deshpande and McMeeking, 2023; |Jiang and Zhong}, [2023; Zhang and Kam-
lah, 2019). The chemo-mechanical coupling plays a nontrivial role in the
degradation mechanisms of the battery, and has attracted considerable at-
tention in the battery community. For example, an electro-chemo-mechanical
fracture model of species diffusion, ionic conduction, interfacial reaction, me-
chanical stress, and crack growth has been recently developed for storage
particles embedded in the solid electrolyte in cathodes of solid-state batteries
to investigate defect-initiated interface delamination and how cracks nucleate
in electrolytes in a full 3D dynamical description for the first time (Zhang
et al., 2024a). It has been found that unstable interface delamination very
likely happens during charging, the electrolyte can break into several parts
within a single insertion half-cycle, and can even be completely comminuted
for larger particle sizes and higher applied current densities. It is thus im-
portant to understand how phase separation of Na,Vs(POy,)3 interacts with
the stresses and how this interplay, in turn, governs the macroscopic mate-
rial response such as micro-cracking. To the best of our knowledge, neither
experimental nor theoretical studies have revealed how the microstructure of
the phase separation, including phase evolution and interface morphology, as
well as the stresses evolve for Na,Va(POy)s.

The description of the complex thermodynamics of phase segregation
along with the structural change that occurs in Na,V,(POy)3 and the elu-
cidation of the interaction between microstructure evolution and mechan-
ics represent severe challenges for any modeling approach. Thermodynamic
phase-field modeling can provide a consistent and accurate approach describ-

ing phase changes accompanied by diffusion. A Cahn-Hilliard type phase-



field method (Cahn and Hilliard, [1958)), which is weakly nonlocal (Zhang and
Kamlah) 2018a)), employs species composition (e.g., Na-ion) as the contin-
uous order parameter, leading to diffuse interfaces between phases without
the troublesome tracking of the sharp interface position (Afshar and Di Leo,
2021; Di Leo et al.,|2014). Besides the phase field models that describe phase
changes in intercalation materials as a function of concentration alone, a ther-
modynamically consistent phase-field theory (Zhang et al., 2024b), which
couples the Cahn-Hilliard type diffusion with the finite deformation of host
lattices governed by nonlinear gradient elasticity, was recently derived based
on the principle of virtual power and the second law of thermodynamics.
This multiscale theoretical framework is applied for the cathode material
LisMnyO4 to investigate the interplay between diffusion and the cubic-to-
tetragonal deformation of lattices during insertion. The simulation results
provide quantitative insights into the nucleation and growth of twinned mi-
crostructures during discharging. This theoretical framework not only de-
pends on the concentration order parameter but also on the strain order
parameter to capture the coupling between the diffusion of a guest species
at the continuum scale and finite deformation of host lattices at the atomic
scale for symmetry-lowering intercalation materials.

For NIBs, although many intercalation electrode materials exhibit phase
separation, chemo-mechanical phase-field models have been almost entirely
focused on Na,FePO, (Zhang and Kamlah| 2018b, 2020, 2021; Zhang et al.,
2023). A mechanically coupled phase-field model was developed for a spher-
ically symmetric boundary value problem of Na,FePO, (Zhang and Kam-

lah, 2018b). Subsequently, a 2D chemo-mechanical phase-field model for



Na,FePO, was developed, including both, the two phase segregation be-
tween FePO,4 and Nag/3FePOy, as well as the solid-solution phase Na,FePOy4
(2/3 <z < 1) (Zhang and Kamlah| 2021). It was found that the intermedi-
ate phase leads to varying solubility limits and lower magnitudes of sodiation
stress. Recently, four different phase-separating dynamical processes are cap-
tured in 3D storage particles of Na,FePO, (Zhang et al., 2023)). It is neces-
sary to perform full 3D simulations with the appropriate crystal anisotropy to
study the complex phase morphologies observed in experiments. To the best
of our knowledge, no studies have explored the chemo-mechanical phase-field
modeling of Na,V(POy,); regarding the interaction between microstructure
evolution and mechanics. The concept of the virtual multiscale modeling
chain, which combines an anisotropic chemo-mechanical phase-field model
and DFT calculations, can be applied to Na,V,(POy)3 to study 3D phase
evolution, anisotropic phase boundary morphologies, and stress generation
in 3D.

In this work, a virtual multiscale modeling chain is established to de-
velop a 3D anisotropic chemo-mechanical phase-field model based on first-
principles calculations for Na,Vo(PQy)s, accounting for diffusion, phase nu-
cleation and spinodal decomposition, anisotropic misfit strain, as well as
anisotropic elasticity. Currently, no experimental data is available for the
elastic properties of Na,Vy(POy)s. The elastic properties of NaVy(POy)s
are calculated from DFT for the first time. Furthermore, based on the
experimental open circuit voltage, a multiwell potential is determined for
Na,Vy(POy)s3, accounting for two-phase segregation between NaVy(POy)s
and NagVy(POy);. We study how elastic effects and crystal orientation af-



fect the full 3D microstructure evolution of Na,Vy(POy)3. We envision that
improved mechanical stability, and thus better battery performance of the
phase separating electrode materials may be achieved by engineering the

crystal orientation.

2. Methods

2.1. A wvirtual multiscale modeling chain

2.1.1. First-principles calculations

We carried out first-principles calculations based on density-functional
theory (DFT) (Euchner and Grofl 2022; [Hohenberg and Kohn, 1964; Kohn
and Sham, |1965]), and implemented the Projector Augmented Wave (PAW)
method (Blochl, 1994) in the Vienna Ab-initio Simulation Package (VASP) (Kresse
and Furthmiiller, |1996; Kresse and Hafner, [1993; |Kresse and Joubert), [1999)).
The exchange-correlation effects were treated using the generalized gradi-
ent approximation (GGA) with the Perdew-Burke-Ernzerho (PBE) func-
tional (Perdew et al. |[1996). To accurately capture the behavior of the
localized d-electrons in the system, Hubbard U parameters (Wang et al.,
2006) were applied. Specifically, Uy = 3.25 eV was chosen for V atoms in
NaVy(POy)s. Calculations were optimized using a 2x2x2 k-point mesh with
a plane-wave cutoff energy of 520 eV, ensuring convergence to within 1x107°
eV per supercell. The atomic positions and cell volume were fully relaxed
without constraints.

NaVy(PO,)3 was modeled in its rhombohedral structure with an R3c
space group, where the vanadium ions occupy octahedral sites surrounded

by oxygen atoms, while phosphate groups separate the octahedrons. For all



simulations, a ferromagnetic configuration was used for the magnetic ground-
state structure. Symmetric distortion matrices were applied to the equilib-
rium unit cell of NaVy(POy); to calculate the elastic constants. The time
step for ionic motion was set to 0.0075 to minimize higher-order contributions
to the elastic constants.

The shear modulus G, bulk modulus K, and Young’s modulus E were
derived from the calculated elastic constants ¢;; (i,j = 1,...,6) using the
Voigt, Reuss, and Hill approximations. According to Voigt’s approximation,

the shear and bulk moduli are expresses as

1
Gy = 1—5(011 + o9 + €33 — €12 — C13 — Co3) +
1
5(044 + 55 + Co6), (1)
1 2
Ky = 5(011 + coo + c33) + 5(012 + c13 + C23). (2)

Based on the Reuss approximation, the shear and bulk moduli are given
by

1
Gr = . (3
r 4(s11 + S22 + s33) — 4(S12 + S13 + S23) + 3(S44 + S55 + Ses) )

1
Kp = , 4
r (s11 + S22 + S33) + 2(S12 + S13 + Sa23) (4)

where the compliance tensor S is the inverse of the elasticity tensor, S = C~L.
The Voigt and Reuss approximations represent the upper and lower

bounds of the polycrystalline moduli. Hill’'s approximation provides the mean



values of these moduli as
1 1 3
KH:§(KGR+Gv), GH:§<KR+Kv). (O)

Finally, Poisson’s ratio v and Young’s modulus £ are determined by

3K —2G
Vv = m: (6)
IKG
- 3K+ G (M)

2.1.2. Anisotropic chemo-mechanical phase-field model

We propose an anisotropic chemo-mechanical model for Na,V,(POy)s,
where the normalized sodium concentration ¢ scaled with the maximum
sodium concentration c¢,,,, is introduced as an order parameter. The sys-

tem free energy is

(e, grad e, e) = / (&™) + %% (grad ¢) + ¢°(c, €)) AV, (8)
B
where the multiwell potential ¢)"™"? defines the respective phases, constructed
by

T
T’/‘ef

PP = RTyesCman (—05+ (clnc+(1—¢)In(1—2¢))

+¢(1 —¢) Zai(l - 25)“) . (9)

i=1

Here, R and 7T,.s are universal gas constant and reference temperature, re-
spectively. The reference chemical potential (Hérmann and Grofs, 2019) is
described by the first term on the right-hand side of Equation (9), and the
terms related to T stand for the entropy of mixing. The Redlich-Kister
equation (Redlich and Kister, 1948)) is employed to represent the enthalpic

9



effect, and the weight of enthalpy is described by the coefficients a;. We will
determine the above unknown parameters by fitting the experimental open-
circuit voltage to capture the two-phase segregation between NaVy(POy)s
and NagV,(POy)3. The gradient energy density leading to a diffuse interface
between phases is given by (Cahn and Hilliard, |1958)

1
V9% = RTefCrmas (§>\] grad ayz> : (10)

Here, A\ is a material constant with units of length squared. The elastic
strain energy density ¢, which is also called the coupling energy density, is

expressed as
(e—€%):C: (e —g*), (11)

where the total strain tensor € is

1
€ =3 (uij + wji) (12)

with u; being the displacement vector. Here, C represents anisotropic elas-
ticity, which is determined by first-principles. The concentration-dependent

stress-free strain €° is given by
e* = (c—a)e’, (13)

where ¢ is the normalized initial sodium concentration, and €° is the anisotropic
misfit strain.

With the elastic strain energy density, the constitutive relations are com-
puted through functional derivatives, yielding the stress tensor

:awe:

T
Oe

C:(e—(c—c)e). (14)



The variation dVU(c, grad ¢, €) with respect to the sodium concentration,

mwp
0U(c,gradc,e) = / dV(alZ;3 — RT,csAdiv (grad ¢) — e?: T)dc
B C Crmazx
Tre -
+/ dAh)\ grad ¢ - 1idc, (15)
oB Cmaz
yields the chemical potential
oV
= e
mwp 1
- awa — RT,.sAdiv (grad ¢) — e?: T, (16)
Cc Crmazx

which is the driving force for diffusion and phase changes, as well as the

natural boundary condition
gradc- i =0, (17)

which guarantees that the interface is perpendicular to the particle surface
(Cogswell and Bazant, 2012).
The amount of Na per reference volume flowing with a certain velocity

of Na atoms vy, defines the mass flux
J = —cM - grad p, (18)

and we choose a concentration-dependent mobility tensor

DO(Cmaac - C)
M(c) = ———=1 19
(C) RTremeaac ( )
with the diffusion coefficient Dy.
Finally, the field equations are obtained from the balances of mass and

linear momentum, respectively,

% = div (cM (c) grad p) , (20)
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div T = 0. (21)

Equation (20)) is the mechanically coupled Cahn-Hilliard diffusion equation,
and mechanical equilibrium is represented by Equation . Based on the
constitutive equations introduced above, a system of partial differential equa-
tions (PDEs) is formed from the field equations for concentration and dis-
placement vector. We need the initial and boundary conditions to solve this
fourth-order nonlinear initial-boundary-value problem.

For the diffusion, a mass flux at the surface is chosen as

CemazV f
= — or ¢ < Cpgr
— 3600-S — “max
0 for ¢ =z

Here, V', S and C are the storage particle volume, the storage particle surface,
and the C-rate, respectively. 7@ denotes the outgoing unit vector normal to
the particle surface.

For the mechanical part, the stress-free state is assumed at the surface,
T 7 =0. (23)

2.2. Material parameters and implementation

2.2.1. Construction of the multiwell potential and experimental fitting

In the crystal structure of the sodium-poor phase NaV,(PQOy)s3, one Na
ion occupies the Nal site while no Na ions occupy a Na2 site, resulting in an
occupancy of 0.25 occupation for all Na sites. As for the crystal structure of
the sodium-rich phase NazVy(POy)s, one Na ion occupies the Nal site and
two Na ions occupy the Na2 sites, leading to 0.75 occupation for all Na sites.

We will now address how the unknown parameters of the multiwell potential

12



@ are determined so that the multiwell potential matches the phase segre-
gation thermodynamics of Na,Vy(POy)s.
First, the open circuit voltage F,. is associated with the chemical po-

tential p by (Birkl et al., 2015)

1

Eoc <E7 T) = _mﬂ

(¢,T), (24)

where the chemical potential p can be constructed by

RT (zzmw(aMéT):fmwr’(eO_,T)) if ¢ <c¢<aoy
M (E7 T) _ 0+ —Co— (25)

RT &Zg;wp for otherwise

Here, the binodal concentrations ¢y_ and ¢y, can be found by the Maxwell

construction

a&mwp(éoi) B 8&mwp<50+> B 1/?mwp <50+) - &mwp (E(]f) (26)
oc oc Cot+ — Co—

that constructs the common tangent to the multiwell potential curve. The
free energy density are normalized according to 1 = ¥/ (RTyefCrmaz)-

Combining Equations and , we fit the open-circuit voltage to the
experimental data (Jian et al.; 2012) with respect to the unknown parameters.
A good fit is achieved with n = 3, i’ = —132.12, a1 = —6858.7, a, = 0, and
az = —13613, see Fig. [Th. In line with the experimental data, the fitting
voltage plateau is located at 3.4 V, which also matches DFT calculations
(Lim et al.) 2012). This guarantees that the phase segregation happens at
the two binodal concentrations ¢y = 0.25 and ¢y = 0.75.

As shown in Fig. [Ip, the dimensionless multiwell potential shows a
doublewell structure with two different relative minima at ¢ = 0.25 and ¢ =

0.75, characterizing the low concentration phase NaVa(PO,); and the high

13



concentration phase NagVy(PQy)s, respectively. The Maxwell construction,
which describes the volume fractions of the two phases in phase segregated
states, employs a common tangent (see the dashed red line in Fig. [Ip) to
connect the neighborhoods of the two minima. It should be mentioned that
the slope of the Maxwell construction in our constructed multiwell potential
curve is consistent with DFT calculations (Lim et al., [2012). The “nucleation
zones” is given by the two ranges between the binodal concentrations and
the neighboring inflection points. Phase changes is nucleated upon sufficient
disturbance of the system. The “spinodal decomposition zone” is defined
by the inner zone of concavity between the two inflection points. In this
zone, homogeneous concentration is not possible and phase segregation is
triggered. Therefore, this constructed multiwell potential captures phase
segregation into a sodium-poor phase NaVy(PO,); and a sodium-rich phase

Na3V2 (PO4)3

14
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Fig. 1. (a) Fit of the open-circuit voltage to the experimental data (Jian et al.,2012). (b)
The multiwell potential of Na, V5 (POy4)3, where the dashed red line represents the Maxwell
construction. (c) Schematic representation of prismatic-like single-crystalline particles of
Na, V2(PO4)s with anisotropic misfit strain between NaVa(POy4)s and NazVy(POy)s. For
each direction, the corresponding Miller index and space group Pnma axis are shown in

parentheses.

2.2.2. The calculated elastic properties

The elastic constants obtained from GGA+U calculations for NaVy(POy)3
are presented in Table [T} To accurately describe the structural properties of
NaVy(POy)s3, which can behave as a Mott insulator, the Hubbard U cor-
rection is applied. While standard GGA calculations often predict metallic

15



behavior for such materials, the U correction significantly improves the de-
scription of their insulating nature. The elastic constant cop of NaVy(POy)s
is notably larger than other elastic constants, indicating a significant elastic
anisotropy. What is more, NaVy(POy)s exhibits the anti-orthotropic sym-
metry property of the elasticity tensor, with non-vanishing magnitudes for
C16, C26, C36, as well as cy5. The calculated bulk, Young’s, and shear moduli,

derived from Voigt, Reuss, and Hill averages, are provided in Table

Table 1
The calculated elastic constants (in GPa) of NaV3(PO4)3 using GGA+U calculations.

C11 C22 C33 Ca4 Cs5 Ce6 C12
133.36 213.16 165.13 51.45 61.40 46.99 73.25
C13 C16 C23 C26 C36 C46

3491 -2411 89.10 -12.85 -18.76 0.53

2.3. Implementation

Fig. shows the schematic of a prismatic-like single-crystalline par-
ticle of Na,Vy(POy)3 with anisotropic misfit strain between NaVy(POy)s
and NazVy(POy); (Lim et al [2012). We consider the insertion of sodium
into cathodic particles at a C-rate of 0.01. The material parameters for
Na, V,(PO,); are summarized in Table[3] It should be noticed that Na, V,(POy);
exhibits a three-dimensional sodium ion diffusion channel, leading to isotropy
of the mobility (Lim et al.l |2012; |Song et al., 2014). “State of charge” (SOC)
is defined as SOC = [, edV/V, and ¥,y = [,¥dV/V is the normalized av-

erage system free energy. Here, Cartesian coordinates are introduced, and
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Table 2
The calculated polycrystalline bulk and shear modulus of NaV2(POy)s in GPa, as well as
the Poisson ratio obtained with GGA+U.

Averaging scheme Bulk modulus Shear modulus Poisson’s ratio

Voigt Ky =100.69 Gy = 115.81 vy — 0.08
Reuss KR = 80.49 GR = 49.02 VR — 0.25
Hill Ky = 90.59 Gy = 82.42 vy — 0.15

all fields depend on position and time according to

c=c(x,y,z,t), (27)

U= ugy(x,y, 2, )€ + uy(z,y, 2, )€, + us(z,y, 2, t)€.. (28)

Both fourth-order spatial derivatives in concentration and third-order
spatial derivatives in displacement are involved in the mechanically coupled
Cahn-Hilliard equation (20]), such that it is not sufficient for discretization
for the standard finite element method with C°-continuous Lagrange basis
functions. To resolve this numerical challenge, the chemical potential is in-
troduced as an additional degree of freedom to split this fourth-order PDE
into two second-order equations. The three equations , , and
describe this coupled system with the independent variables c, u, and 1,

respectively. The resulting set of equations is first written in weak form

(see |Appendix Al), and then implemented in the finite-element, multiphysics
framework MOOSE (Gaston et al., |2009).

We employ the preconditioned Jacobian Free Newton Krylov (PJFENK)
method with a generalized minimal residual method (GMRES) Krylov iter-

ative solver, as well as the Additive Schwarz method (ASM) preconditioner

17



with a LU subsolver to solve the above system of nonlinear equations without
the explicit tangent matrix, thereby saving computational time and storage
space. We use the implicit Backward-Euler time integration method for time
integration. We remove the six 3D rigid body modes at the solver level to
avoid arbitrary rigid body displacements and rotations. An adaptive time
stepping method is used to handle the initiation of phase nucleation. Sim-
ulations are performed on a high-performance Linux computer cluster. 3-D

simulations are run on 896 processors and take up to a maximum of 27 days.

3. Results and Discussion

3.1. 38D microstructure evolution

In order to derive trends, in our simulations, we first consider a full 3D
single-crystalline particle with cubic morphology of size L = 500nm. The
system free energy evolution of Na,Vy(POy)s is shown in Fig. by the
solid line, and the evolution of the 3D microstructure and the corresponding
maximum principal stress, oy, is illustrated in Fig. [8] For comparison,
the normalized multiwell potential versus dimensionless concentration is also
presented in Fig. [2l The solid line matching the dimensionless multiwell
potential curve indicates homogeneous states whereas the solid line nearby
the Maxwell construction path corresponds to phase segregated states. Four
"kinks" (A-D) are shown in the curve of the system free energy, indicated by
a sharp dropping process. We will now look into if there is any relationship
between these "kinks" and the microstructure evolution of Na, Vo (POy)s.

Starting from the sodium-poor phase NaV,(POy)s, the insertion process

18



Table 3

The material parameters for Na, V2(POy)s3

Parameters Values

i° -132.12

a1 -6858.7

Qa9 0

o3 -13613

A 8.2304 x 10715 (m?)

Dy 1.02 x 1071 (m?/s) (Song et al., 2014)

Crmaz 9.2267 x 103 (mol/m?) (Du et al., 2013)
3.6% 0 0

€0 0 36% 0 |(Lim et al,2012)
0 0 1.4%
13336 73.25  34.91 0 0 —24.11
73.25 213.16  89.10 0 0 —12.85

G 3491 89.10 165.13 0 0 —18.76 (@Pa)
0 0 0 51.45 0.53 0
0 0 0 0.53 61.40 0
—24.11 —12.85 —18.76 0 0 46.99
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initially occurs through a nearly homogeneous filling throughout the parti-
cle. Once the SOC approaches 35.645%, the sodium-rich phase NagVy(POy)3
first nucleates at the particle corners, and a sodium-rich island quickly forms
along the [010] edge. The nucleation reflects itself via the first "kink" A in
the curve of the system free energy in Fig. 2l In a very short time, the two
sodium-rich islands at the [001] edge coalesce into one individual sodium-
rich domain, while other smaller NazVq(PO,4)3 nuclei shrink and disappear,
reducing individual sodium-rich islands. The minimization of the total sys-
tem free energy induces the abrupt appearance of a sodium-rich cylindrical
island along [001], see SOC=35.65%. Such expansion anisotropy can be due
to the competition between the anisotropic misfit strain and the anisotropic
elasticity tensor. The anisotropic misfit strain between NaVy(POy); and
NazVy(POy)s, which is smallest along [001] (1.4%) but along [100] and [010]
is 3.6%, favors the nucleation of a sodium-rich cylindrical island along [001].
On the other hand, the anisotropic elasticity tensor favors this nucleation
along [100] due to the smallest component of the elasticity tensor in this
direction. Thus the anisotropic misfit strain "wins" the competition with
the anisotropic elasticity tensor to minimize the elastic strain energy, lead-
ing to the abrupt appearance of a sodium-rich cylindrical island along [001].
This is well illustrated through a control simulation, in which we consider
an isotropic misfit strain. In this control simulation, we find that a sodium-
rich cylindrical island nucleates along [100] determined by the anisotropic
elasticity tensor (we do not show this result here). As a result, the elastic
strain energy facilitates phase expansion along [001] to decrease stresses. The

stresses are mainly located at the interface between the sodium-poor phase
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NaVy(POy)s and the sodium-rich phase NagVy(POy)s.
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Fig. 2. Normalized average system free energy \Ilmjg and, for comparison, normalized
multiwell potential 1)™"“P as a function of SOC and ¢, respectively, in a cube single-

crystalline cathode particle of Na, Va(POy)s.

As insertion proceeds, the sodium-rich cylindrical island expands along
the other directions [100] and [010] (see SOC=50%). When the SOC gets
close to 54.439%, Na,Vo(PO,)s displays the dynamics of single wave propa-
gation, corresponding to the second "kink" B in Fig. 2] The phase bound-
ary between NaVy(POy)s and NagVe(POy4)3 moves along [010], and a quasi-

equilibrium intercalation-wave is formed with a warping of the interface, see
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Fig. [h.
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Fig. 3. Evolution of the 3D microstructure and the corresponding maximum principal

stress oy as functions of SOC during sodium insertion in a cube single-crystalline cathode

particle of Na, Vo (POy4)s. For better visibility, iso-surface visualization is used.

The filling of Na ions goes head through the phase boundary motion
until the intercalation-wave arrives at the other [010] facet, corresponding
to the third "kink" C in Fig. To minimize the total system free en-
ergy, a low concentration cylindrical island abruptly appears along [001], see
SOC=70.115%. With the SOC approaching 72.275%, the high concentration
phase NazVy(PO,)s immediately dominates all of the particle, correspond-
ing to the fourth "kink" D in Fig. Similar to the initial sodium-poor
state NaVy(POy)s, the particle is stress-free for the final sodium-rich state
NazVy(POy)s.

One remarkable aspect of microstructure evolution is that Na, Vo(POy)s

22



displays the dynamics of quasi-equilibrium single wave propagation along
[010]. But why does the phase boundary move along this direction rather
than other directions although Na ion intercalation happens equally at all
particle surfaces? We point out that phase boundary motion along [010] is
thermodynamically restricted by minimization of the coupling energy, which
is determined by the anisotropic elasticity tensor. The anisotropic elasticity
tensor favors phase boundary motion along [010] as it will not then introduce
a phase boundary plane including the [010] axis along which the elasticity
tensor component is largest. Another remarkable aspect of microstructure
evolution is that, during the quasi-equilibrium states, the intercalation-wave
always has a warping of the interface with a slight S shape rather than
the traditional convex or concave phase boundary, for example, seen in the
cathode material Na,FePO, (Zhang et al., [2023).

As far as the mechanism underlying this interesting behavior is con-
cerned, we note that the anti-orthotropic symmetry property of the elastic-
ity tensor contributes to this striking behavior of warping of the interface of
Na,V3(POy)s. This is well verified through a control simulation, in which, we
consider the orthotropic symmetric elasticity tensor, see Fig. It is found
that, in this control simulation without the anti-orthotropic symmetry prop-
erty of the elasticity tensor, a concave interface is formed in Fig. rather
than a warping of the interface as seen with the original anti-orthotropic
symmetric elasticity tensor shown in Fig. [h. Thus, the anti-orthotropic
symmetric elasticity tensor, with the non-vanishing elastic constants cyg, cog,

36, as well as ¢y5, makes the interface of Na, V,(POy)3 warped.
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55% 60% 65%

(a) anti-orthotropic symmetric elasticity tensor

(b) orthotropic symmetric elasticity tensor

Fig. 4. Effect of the anti-orthotropic symmetry property of the elasticity tensor of
Na,V2(POy)s. (a) 3D microstructure at SOC=0.55, 0.6, 0.65 in a cube single-crystalline
cathode particle with the original anti-orthotropic symmetric elasticity tensor. (b) 3D mi-
crostructure at SOC=0.55, 0.6, 0.65 in a cube single-crystalline cathode particle assuming
the orthotropic symmetric elasticity tensor. For better visibility, iso-surface visualization

is used.

3.2. Influence of the crystal orientation

Here we study prismatic-like single-crystalline particles ( 500nm x 500mm x
1000nm) for three crystal orientations with the [100], [010], or [001] crystal

axes, respectively, being perpendicular to the small plane of the particle,

24



as shown in Fig. [Bh. All of them share the same boundary conditions as
the cube single-crystalline cathode particle. Fig. shows the system free
energy evolution of Na,Vy(POy)s during insertion by the solid lines for the
three prismatic-like single-crystalline particles, while the evolution of the 3D
microstructure and the corresponding maximum principal stress, o, is shown
in Figs. [6] - 8] For comparison purposes, both, the dimensionless multiwell
potential versus normalized concentration and the plot of the system free
energy evolution for the cube single-crystalline cathode particle are also in-

cluded in Fig. [Bb.
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Fig. 5. (a) Prismatic-like single-crystalline cathode particles for three crystal orientations
with the [100], [010], or [001] crystal axes, respectively, being perpendicular to the small
plane of the particle. (b) Normalized average system free energy W,,, and normalized
multiwell potential ¢™*P as functions of SOC and ¢, respectively, for different single-
crystalline cathode particles of Nag;Va(POy)s. (¢) The highest value of the maximum
principal stress max oy and the lowest value of the minimum principal stress min oy as

functions of SOC for the different single-crystalline cathode particles of Na, V2 (POy)s.

First, we focus on the [100] crystal orientation case shown in Fig. [6]
The high concentration phase NagVy(POy)s first nucleates at the particle
corner, and a sodium-rich island quickly appears along the [100] edge. Sim-

ilar to the cube case, the anisotropic misfit strain leads to the abrupt ap-
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pearance of a sodium-rich cylindrical island along [001], see SOC=35.64%.
When the SOC approaches 41.58%, in contrast to the intercalation-wave
along [010] from the cube case, Na, V,(POy); displays the dynamics of single
wave propagation along [100]. This is due to the fact that, in the presence
of the [100] crystal orientation, the phase boundary between NaVy(POy)s
and NazVy(PO,); moves along [100] to achieve a smaller interface region.
This movement leads to a reduction in interface energy and consequently,
a decrease in elastic strain energy, though it introduces a phase boundary
plane including the [010] axis along which the elasticity tensor component
is largest. Therefore, the phase boundary motion is thermodynamically af-
fected by the crystal orientation, which is controlled by minimization of the
interface area. During the single wave propagation period, similar to the cube
case, the intercalation-wave still shows a warping of the interface due to the
anti-orthotropic symmetry property of the elasticity tensor. Furthermore,
single wave propagation along [100] in this case is less energetically expen-
sive than that along [010] in the previous cube case, which can be verified by
the plot of the system free energy shown in Fig. [bb. The filling of Na ions
goes head through the phase boundary motion until the intercalation-wave
arrives at the other [100] facet. At this point, a low concentration cylindri-
cal island NaVy(POy); abruptly appears along [001] to minimize the total
system free energy, see SOC=72.1%. When the SOC approaches 74.18%,
the high concentration phase NazV,(PO,)3 immediately dominates all of the

particle, and it is stress-free for the final sodium-rich state NagVy(POy)s.
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Fig. 6. Evolution of the 3D microstructure and the corresponding maximum principal

stress oy as functions of SOC during sodium insertion in a prismatic-like single-crystalline
cathode particle of Na,Va(POy)s with the [100] crystal orientation. For better visibility,

iso-surface visualization is used.

For the [010] crystal orientation case, as shown in Fig. [7, the high con-
centration phase NagVy(POy)s first nucleates at the particle corners, and the
minimization of the total system free energy leads to the abrupt appearance
of a sodium-rich cylindrical island along [001] due to the anisotropic misfit
strain, see SOC=35.635%. When the SOC approaches 39.504%, Na, Vo(POy4)3
exhibits the dynamics of single wave propagation along [010] accompanied
by a warping of the interface to minimize its area. The filling of Na ions
goes head through the phase boundary motion until the intercalation-wave
arrives at the other [010] facet, and a low concentration cylindrical island

NaVy(POy); abruptly appears along [001] to minimize the total system free
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energy, see SOC=72.328%. The high concentration phase NasVy(POy); im-
mediately dominates all of the particle when the SOC approaches 74.18%.
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c
S
s
T
@
o
c
g
o

[)\'

2

W
9

a8

a8
a8
a8

60% 70% 72.322% 72.328% 73.51%

a8

28
28
28
a8
aa

Fig. 7. Evolution of the 3D microstructure and the corresponding maximum principal
stress oy as functions of SOC during sodium insertion in a prismatic-like single-crystalline
cathode particle of Na,V3(PO4)s with the [010] crystal orientation. For better visibility,

iso-surface visualization is used.

As for the [001] crystal orientation case shown in Fig. (8| the high con-
centration phase NagVy(POy)s first nucleates at the particle corners, and a
sodium-rich island quickly appears along the [010] edge. However, during this
very short nucleation period, the sodium-rich cylindrical island NagVy(POy)3
nucleates along [100] rather than [001], see SOC=35.685%. This is because
the nucleation of a sodium-rich cylindrical island along [001] is not favored, as
it would result in a much larger interface area. Instead, the anisotropic elas-
ticity tensor induces the nucleation of NagVy(PO,)s along [100] as it will then
introduce a phase boundary plane including the [100] axis along which the

elasticity tensor component is smallest. As expected, Na,Vy(POy,)3 exhibits
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a quasi-equilibrium intercalation-wave along [001] due to the influence of the
|001] crystal orientation. The phase boundary between NaVy(POy)s; and
Na3zVa(POy); has a relatively flat interface aligned with [001] during single
wave propagation. The filling of Na ions goes head through the phase bound-
ary motion until the intercalation-wave arrives at the other [001] facet, and
a low concentration cylindrical island NaVy(POy)s abruptly appears along
[100] to minimize the total system free energy, see SOC=71.703%. Among
three crystal orientation cases, single wave propagation along [010] is most
energetically favorable due to the synchronized effect of the crystal orienta-
tion and the elastic strain energy, which can be verified by the plot of the

system free energy shown in Fig. [p.
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Fig. 8. Evolution of the 3D microstructure and the corresponding maximum principal

stress oy as functions of SOC during sodium insertion in a prismatic-like single-crystalline
cathode particle of Na,Va(POy)s with the [001] crystal orientation. For better visibility,

iso-surface visualization is used.

Now we focus on the stresses in a Na,Vo(POy); particle during the in-
sertion process for different crystal orientations, as shown in Fig. [pk. For
comparison, the stress plots for the cube single-crystalline cathode particle
are also included. In all cases, the maximum compressive stress magnitude is
reached when phase nucleation is initiated, and the maximum tensile stress
is reached at the end of phase segregation. Both, the highest magnitude of

the maximum principal stress max o; and the one of the minimum principal
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stress min oyy; are the largest in the [001] crystal orientation case but are
the smallest in the [010] crystal orientation case. For example, the overall
stress levels during the single wave propagation period in the whole particle of
Na, Vo(POy)3 are much larger in the [001] crystal orientation case than those
in the [010] crystal orientation case. In the [100] crystal orientation case, the
overall stress levels are between the above two cases, and the tensile max oy
is similar to the cube one. As a result, the higher overall stress level in the
[001] crystal orientation case indicates that such kinds of crystal orientation is
more prone to particle fracture and mechanical degradation of Na, V,(POy)s.
On the other hand, the [010] crystal orientation in Na,Vy(POy)s particles is
mechanically more reliable, and, thus, recommended for the electrode de-
sign of Na, V5 (POy)s in view of mechanical stability and consequently better

battery performance.

4. Conclusions

A virtual multiscale modeling chain has been established to develop an
anisotropic chemo-mechanical phase-field model based on first-principles cal-
culations for Na,Vo(PO,)3 of NIBs, accounting for diffusion, phase changes,
anisotropic misfit strain, as well as anisotropic elasticity. DFT calculations
indicate that NaV,(POy,)s shows the anti-orthotropic symmetry property of
the elasticity tensor with a significantly larger elastic constant coy compared
to other elastic constants. The multiwell potential of Na,V,(POy)s is de-
termined based on the experimental open circuit voltage for the first time.
We study how elastic effects and crystal orientation influence 3D microstruc-

ture evolution, including phase evolution, interface morphology, and stress
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evolution in Na,V,(PO,); particles.

Our simulations in a cube single-crystalline cathode particle predict the
dynamics of quasi-equilibrium single wave propagation along [010], which is
controlled by the anisotropic elasticity tensor. The anti-orthotropic symme-
try property of the elasticity tensor induces the striking behavior of warping
of the interface. We find that the phase boundary motion is thermodynami-
cally affected by the crystal orientation. Na,Vs(PO,)s displays the dynamics
of single wave propagation along [100], [010], and [001]| to minimize the inter-
face area, for the [100], [010], and [001] crystal orientation, respectively. It
is demonstrated that the [001] crystal orientation in Na,Vo(POy)s particles
is more prone to particle fracture and mechanical degradation, and the [010]
crystal orientation is mechanically more reliable.

More generally, the calculated elastic properties and constructed multi-
well potential can provide significant input for the future study of Na,Vo(POy)s.
Apart from yielding information about the properties of Na,V,(POy)s3, we
envision that the findings of this work of the virtual multiscale modeling
chain may point towards opportunities to optimize the crystal orientation
of the phase separating electrode materials to achieve improved mechanical

stability and consequently better battery performance.
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Appendix A. Weak form of the boundary-value problem

We multiply the field equations (L6]), (20]), and with variational test
functions dc, dp and o4 as used in Galerkin’s method, and integrate over the
full body. For the field equation (16]) resulting from the mixed formulation,

we obtain

mwp
Gele,p, ) = /BdV&b 50—/8 dV%)\div(gradc)&

dc Crazx
+/ dv% dc —/ dV péc = 0, (A1)
B dc B

which depends on the displacement through the elastic strain energy density.
Applying the divergence theorem and integration by parts, we rearrange the

above weak form to

mwp
Gele,p, ) = /deaig (5c+/6 dVRTTef)\gradc-grad(éc)

c Cma:p

—I—/ dvaw (50—/ dV uée
B dc B

The =
- / dAu)\ grad ¢ - oc = 0. (A.2)
oB

Cmam

Following the same procedure for Equation (20)), the balance of mass yields

dc

Gu(p,c) = /d\/aéu—i-/ dVeM (c) grad p - grad(dp)
B B

- / dAcM (c) grad p - T p. (A.3)
oB
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It should be mentioned that, in order to improve the convergence, we use the
equation describing the balance of mass to solve for the chemical potential
rather than the concentration. The weak form of Equation describing

the balance of linear momentum reads
Gz, c) = / dV'T : grad(éu) — / dAT -7-6u = 0. (A.4)
B B

The dependence of G(, ¢) on the concentration results from the definition of
the stress tensor. Note that the parts related to surface integrals in Equations
(A.2) and , respectively, drop out in the implementation due to the
neglect of surface wetting and due to traction free surfaces (23).
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