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Abstract. It is shown that the spectrum of a uniformly elliptic operator on L?(2) with Dirichlet
or Neumann boundary conditions is independent of p € [1, c0).

0. Introduction. Let Q@ C R be an open set and let T, = (T,(t)):»0 be
consistent Cp-semigroups on L”(€2) with generators A, (1 < p < 00). It is natural
to ask whether the spectrum o (A,) of A, is independent of p € [1, 00). This is not
the case in general (see Hempel-Voigt [13], [14], Davies [9, 4.3], J6rgens [15]); here
we give a particularly simple example: if

(ApNH(x) = —x f'(x)

on L?(0, 00), then U(A,,') Nao(A,) =@ for p # q; see Section 3.

Our main result is the following: assume that A, is self-adjoint and T; satisfies an
upper Gaussian estimate. Then o (A)) is independent of p € [1, 00).

Gaussian estimates have been studied extensively; see the books of Davies [9],
Robinson {21] and Varopoulos, Saloff-Coste, Coulhon [27]. In particular, if A, is a
self-adjoint second order differential operator with Dirichlet or Neumann boundary
conditions such estimates are known to hold, and thus, by our result, o (4,) is inde-
pendent of p € [1, 00). Also, if A, = A — V is a Schrédinger operator on L”(RY)
Gaussian estimates have been established (see [24]). Thus our result generalizes that
of Hempel-Voigt [14] who prove p-independence in that case. In fact, we use the
same strategy as Hempel and Voigt, and show that the resolvent consists of integral
operators whose kernels can be estimated. But instead of regularizing by considering
powers of the resolvent as in [14] we regularize by the semigroup (see (6.9)). This
simplifies the proof and gives more precise results : we obtain that the resolvent
consists entirely of regular integral operators (cf. [4]).

The paper is organized as follows. In Section 1 we consider the much easier case
where 2 is bounded. Consistency of the resolvents is studied in Section 2. In fact,
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the counterexamples in Section 3 show not only that the spectrum may vary with p
but also that R(A, A,) and R(X, A;) may not be consistent for A € p(Ap) N p(Ay)
(see also [6] and [12]). The main results are formulated in Section 4 and proved in
Section 6. Examples are described in Section 5.

1. Subspaces. Let E, F be Banach spaces such that F < E (by this we mean
that F is a subspace of E and the inclusion is continuous). Let A be an operator on E.
By o (A) we denote the spectrum and by p(A) = C\o (A) the resolvent set of A. The
resolventof Ain A € p(A)isdenoted by R(A, A) = (A — A)~!.'We denote by Ar the
partof Ain F, i.e., Apisgivenby D(Ar) = {x € D(A)NF : Ax € F}, Apx = Ax.

Proposition 1.1. Assume that there exists i € p(A) such that R(u, A)F C F
and that there exists k € N such that D(A¥) C F. Then o(A) = o(AF) and
R(\, Ar) = R(A, A)\r forall . € p(A).

Proof. a) Let A € p(A). Iteration of the resolvent equation R(A, A) = R(u, A) +
(u — A)R(u, A)R(X, A) yields

RO, A) =) (0 =V TR, A + (= DF R, A R A). (1)
j=1

This shows that R(A, A)F C F.Itis now obvious that A € p(Ar) and R(A, Af) =
R(A, A)F.

b) Conversely, let A € p(Ar). The space D(A*) is a Banach space for the norm
lxllpayy = I — A)*x||z and D(A¥) — E. Since F < E it follows from the
closed graph theorem that D(A*) < F. Note that R(i, A)* is an 1somorphlsm of E -
onto D(A*). Thus

k
Ox =) (b —2""R(u, AYx + (= D*R(, Ap) R, Ax  (x € E)
j=1

defines a bounded operator on E. Moreover, for x € E, Ox € D(A) and

k
(A= A)Qx =) (=1 ' R(u, AY'x — (1~ 1 R(n, A)x)
j=1 '

+ (u — MR, A)fx = x.

Since for x € D(A), AQx = QAx, it follows that A € p(A) and Q = R(7, A).

Remark. The situation described in Proposition 1.1 had been considered in [5] in
order to study regularity of the Cauchy problem.

Examples 1.2. Let 2 C R" be a bounded open set. Assume that T, = (T,(t))>o0
are consistent Cp-semigroups on L”(£2) with generator A,, 1 < p < oo. Assume
furthermore that for some k£ € N, D(A;‘,) C L*(£2). Then o (4,) is independent
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of p € [1, 00). A concrete case is A the Dirichlet Laplacian or Neumann Laplacian
(assuming that 2 has the extension property in the latter case). Then the hypothesis
is fulfilled for k > O (cf. Section 5). In that case one can also use Proposition 2.6
below since the resolvent is compact (cf. [9, Theorem 1.6.4]).

2. Consistency of the resolvent. Let E, F be two Banach spaces. We assume
that there exists a topological vector space G such that E < G and F — G.

Definition 2.1. Two operators Bg € L(E) and Br € L(F) are consistent if
Bgx = Bpx (xe ENF).

Let Tr and Tr be Cy-semigroups on E and F, respectively, with generators Ag and
AF, respectively. We assume that T and Tr are consistent, i.e., that Tg (¢) and Tx ()
are consistent for all 1 > 0. We will see below (Section 3) that this does not imply in
general that R(A, Ag) and R(A, Ar) are consistent for all A € p(Ag) N p(AF).

Proposition 2.2. The set U of all A € p(Ag) N p(AF) such that R(A, Ag) and
R(X\, AF) are consistent is open and closed in p(Ag) N p(AF).

Note that E + F is a Banach space for the norm

lulle+r = nf{llxlle +lyllr : x € E,y € Fu=x+y}

and E N F is a Banach space for the norm

lullenr = llulle + vl F.

The injections ENF < E < E+ F, ENF < F — E + F are continuous. In
particular, if x, €e ENF,x, > xin Eandx, — yin F, thenx = y and x, — x in
ENF.

Proof of Proposition 2.2. It follows from the remark above that U is closed in
p(AE) N p(Af). Let Ag € U. Let e > Osuchthat (A € C : A — x| < &} C
p(Ag) N p(Ar). Thenforx € ENF,

(o]
RO, Ap)x =) (ko — A)"R(ko, Ap)"x
n=0

and

(o]
RO ARX =) (Ao — V"R, Ap)™H,

n=0

where | — Ao| < €. Since R(Ao, Ag)"*! and R(Ag, Ar)"t! are consistent, it follows
from the remark above that R(A, Ag) and R()A, Ar) are consistent. 0O

Recall that for x, y € E,

x € D(Ag), Agx =y iff / Te(s)yds = Te(t)x — x t=0). @1
0

In the following we assume that E N F is dense in E and in F.
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Proposition 2.3. Let A € p(Ag). Assume that there exists Q € L(F) which is
consistent with R(\, Ag). Then A € p(Ar) and R(\, Ar) = Q.

Proof. We can assume that A = 0 (considering Ag — X otherwise). It follows from
(2.1) that

t
/ Te(s)yds = Te()A7'y — A5ly (v € E,t > 0).
0

Hence

/ Tr(s)yds = Te(®)Qy — 0y (2 0)
0

forall y € ENF, and by density, forall y € F. It follows from (2.1) (with E replaced
by F) that Qy € D(Af) and ApQy = yforall y € F. Since QTr(t)y = Tr(t)Qy
if y € ENF, it follows that Q and Tr(t) commute (¢ > 0). Hence ArQy = QAry
ify e D(Af). O

The following is a converse of Proposition 2.3.

Proposition 2.4. Let & € p(Ag) N p(Ap). If R, AR)(ENF) C ENF, then
R()\, Ag) and R(A, AFr) are consistent.

Proof. We can assume that A = 0. Let x € £ N F. By hypothesis A;’x e ENF.
Hence

t r
/TE(s)x ds = / Tr(s)xds = Tr() A7 x—A7'x = Tg(DAF'x—A7'x (1 > 0).
0 0

It follows from (2.1) that A7'x € D(Ag) and Ag(AF'x) = x; ie., A7'x = A3'x.
Proposition 2.5. Assume that

(@) Te(t)E C F  forsomet > Oor
(b) DALY C F for somek € N.

Then R(\, Ag) and R(X\, AFr) are consistent for all A € p(Ag) N p(A.p).

Proof. (a) Let A € p(Ag) N p(AF). We can assume that A = 0. Letx € EN F.
Then by (2.1),

t t
AZ'x = Te(t) Az x — f Tg(s)x ds = Te(t)A5'x ~f Tr(s)xds € ENF.
0 0 .

It follows from Proposition 2.4 that A’ and A7' are consistent.

(b) If w is larger than the type of Tg and Tr, then R(u, Ag) and R(u, Afr) are
consistent since they are the Laplace transforms of the consistent semigroups. Let
A€ p(Ag) N p(AF). It follows from (1.1) that R(A, Ag)(EN F) C EN F. Thus
the claim follows from Proposition 2.4.
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Proposition 2.6. Assume that Ag and Af have compact resolvent. Then o (Ag) =
[og (A F‘) .

Proof. Since p(Ag) N p(AF) isconvex, R(u, Ag) and R(u, Ar) are consistent for
all uw € p(Ag) N p(Ar).

Let X9 € p(Ar). Since o (Ag) consists of isolated points, there exists ¢ > 0 such
that A e C:0 < |A —Xg| <€} C p(AE)N p(AF). Since Ay € p(AF), one has

/ R\, Ap)d\ = 0.
JA—Xol=¢

By consistency, it follows that

/ R(\, Ap)dX = 0.
|A~Xol|=¢
Hence, Ag € p(Ag).

3. Counterexamples. In [13], [14] an example of a generator on L” is given
whose spectrum depends on p € (1, co). However, the spectrum of the resolvent is
computed, reducing the problem to bounded operators which have been investigated
in detail (see Jorgens [15, p. 194, 195], Boyd [7], Auterhoff [6], Schaefer [23]). Here
we give an easy direct example (see also [1] for relations with the asymptotic behavior
of the semigroup).

1. Define the consistent Cp-groups T, on L7 (0, oo) by

(L,ONE) = fleT'x)  (teBR),

1 £ p < oo and denote by A, the generator of T,. Then
(a)J(Ap) ={)e€ C:Rei = %} :

(b) R(A, Ap)and R(X, A,) arenot consistent whenever p < g andé <Rel < i ;
(c) Ap is given by (A, f)(x) = —xf'(x),

D(A,) = {f € LP(0,00) : x > xf'(x) € L”(0, 00)}.

Proof. For f € L?(0, co) one has
1050, = ([ 17E0ras) =i,
0

Hence (e"% T,(t)):er is an isometric group on L7 (0, 0o). It follows that its generator
A, — i has spectrum in iR, i.e., 0 (A,) C % +iR. Let é <A< i. Since the type
of T, is 5 and the type of (T,(—1)):20 is —i we have

o
R(X,Aq):/ e™MT,(t)dt >0
0
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and -
R\, Ap) = —R(=A, —4Ap) = —/ e MT,(—t)dt <0.
0
Thus R(X, A,) and R(X, A,) are not consistent. It follows from Proposition 2.2 that

o (A,) = L+iR,0(A,) = ;+iRand that R(2, A,) and R(A, A,) are not consistent

either if% <Rel < % We have shown (a) and (b). The last point (c) will become
clear from2. O

2. Let e
€, )(x) = ;f Foydy,  1<p<oo
0

Then C, is a bounded operator on L?(0, c0), [|C,[l < ﬁ, and

0(Cp) = {——:s e R}U{0},

1-L_is °
?

sothat o (Cp) No(Cy) ={0}ifl < p,g <00, p#9q.
This has been proven by Boyd [7]. The norm estimate of C), is known as Hardy’s
inequality. We obtain both as an easy consequence of 1.

Proof. Let1 < p <oo.Thenby 1., 1 € p(A,) and
[ee] 1 X
R AN = [ fernde =1 [ 1o,
0

Hence C, = R(1, A,). Since || T, (t)]| = 7 we have

) , 1
IR(L, A s/ b= -
O —

Since by (18, p. 67], o (R(1, Ap)) = {—&x : A € g(Ap)} U {0} the assertion on
the spectrum of C, follows from 1. Now 1(c) is an immediate consequence of
R1,A,)=C,. O

3. Let B, = (A, — 3)*. Then B, generates a holomorphic semigroup since
A,— % generates a Cy-group on L? (0, oo) (see e.g. [18, Corollary p. 36]). The group

generated by A, — % is isometric, thus B, is self-adjoint. By the spectral mapping
theorem, one has

o(B) =(-00,0], o(Bp)={(;—3+i9):seR}

(1 < p < 0). Hence 0(B,) No(B,;) =@ whenever1 < p,q <2,p #gq.
This follows immediately from 1.
It is easy to see that B, is given by

(B, f)(x) = x2F" + 2xf' + {—
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D(B,) ={f € LP(0,1) : x f' € LP(0, 1), x*f" € LP(0, c0)}.

Thus B, is a degenerate elliptic operator of second order. (It is precisely this example,
up to addition of a constant, which is mentioned by Hempel-Voigt [14, p. 243]).

We will see below that the spectrum of second order uniformly elliptic operators
on euclidean spaces is p-independent.

4. Define A, on L?(R, e*dx) by

pr = flu 7
D(A,) = {f € LP(R,e*dx) : f' € LP(R, e*dx).

Then Zp generates a Co-group and a(;fp) = % + iR. Thus, the Laplacian ;:; on
LP (R, e*dx) generates a holomorphic semigroup and

o(A) ={(L +is)* : seR}); 1<p<oo.

Proof. In fact, the mapping f +— f o log defines an isometric isomorphism U of
LP(R, e*dx) onto LP(0,00) (1 < p < 00). Let T, be the Co-group on L?(0, co)
considered in Example l Then i, H=U _‘Tp(t)U defines a Cy-semigroup on
LP(R, e*dx) given by (T, (1) f)(x) = (T,(OUf)(e") = (Uf)(e7'e") = f(x —1).
The operator A, is the generator of T,,. The result follows now from 1. by similarity.

Remark. Davies, Simon and Taylor [10] show that the spectrum of the Laplacian
on hyperbolic space and on many Kleinian groups does depend on p. On the other
hand Sturm {25] has shown p-independence of the spectrum of the Laplace-Beltrami
operator on certain Riemannian manifolds.

5. Let T, on LP(1, 0o) be given by (T,(¢) f)(x) = f(e’x). Then it is not difficult
to show that 0(A,) = {A € C : Re A < —i}. Moreover, D(A,) C L® N LP C
Li(1,00), 1 < p < oo (cf. [1]). Thus in Proposition 1.1, the assumption that F C E
is essential.

4. The main results. Let @ C R" be an open set and let T be a Cy-semigroup on
L%(2) with generator A. We identify L2(2) with a subspace of L2(R") by extending
functions by 0.

Denote by G, the Gaussian semigroup on L?(R"), i.e., G, is given by G, f =
k; x f where

K, (x) = M (xeRY), 1< p<oo.

(dmn)N/2

Definition 4.1. We say that T satisfies an upper Gaussian estimate if there exist
¢ > 1, b > 0 such that

T fl<cGo) |fl O=tr=1 4.1
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forall f e L2(R).

In the following we assume that (4.1) holds. Let w = log c. Then

IT@f <ce” GadnIfl (20, f e L. (4.2)
Proof. It follows from (4.1) that
ITm) fl=I1T()"f] <c"GBn)IfI (neN).
Lett > 1. Choose n € Nsuch thats :=t —n € [0, 1). Then

IT@fI =TT () fI < "Gbn)c G(bs)!f]
=GO fl=ce™GONIfI < ce”Gn|fl. O

As a consequence there exist consistent semigroups 7, on LP(2),1 < p < 00,
suchthat T = T, and

IT,() f] < ce” G,bn)| f| (f € LP,t>0). 4.3)

Proof. Since G,(¢) has bounded extensions to LP(RY), it follows that there exist
consistent operators T, (t) € L£L(LP) such that T,(¢t) = T(#) (¢ = 0). The semigroup
property follows by density. It remains to prove strong continuity. Let 1 < p < oo.
It suffices to show that T(z) f — f (z L 0)in L? for f € LPNL2. Let f € LP N L2
andlett, — 0.Let £, = T(2,) f, gn = ce**G(bt,)| f|. Since it suffices to show that
every subsequence of f, has a subsequence which converges to f, we can assume
that f, — f almost everywhere (observe that f, — f in L?). Taking a subsequence
again we can assume that ||g, — gn—1llp < 27". Let

h=) 18~ g1l +181l-

n>2

Then k € LPRY) and | £} < g < k (n € N). Now it follows from the dominated
convergence theorem that f, — f in L?.

Remark. Here strong continuity follows from domination. It is not obvious from
the consistency property alone; cf. Voigt [28].

We denote by A, the generator of T,. By p(A;) = C\o(A,) we denote the
resolventset of A, and by po.(Ap) the connected component of p (A ) which contains
aright semi-plane {A € C : Re A > w} for some w € R.

Our main results are the following.

Theorem 4.2. Assume that T admits an upper Gaussian estimate. Then peo(A p) s
independent of p € [1, 00).
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Corollary 4.3. Assume that A is self-adjoint and that T admits an upper Gaussian
estimate. Then o (A,) is independent of p € [1, 00).

Proof. Sinceo(A,) C Ronehas po(As) = p(A3). It follows from Theorem 4.2 that
Poo(Ap) = p(A2), p € [1,00). Hence 0(A,) C Rand so poo(A,) = p(A,). O

It will be seen in the proof of Theorem 4.2 that the resolvent of A, consists of
regular integral operators. Here we use the following definition.

Let1 < p,q < co. An operator B € L(L”, L9) is called an integral operator if
there exists a measurable function K : 2 x § — C such that for all f € L?(Q),

K(x, ) f() e L), x —ae. and

(Bf)x) = /;2 K(x,y)f(y)dy, x —ae.

In that case we say that B is represented by the kernel K and we write B ~ K. If in
addition also | K | defines an integral operator in L(LP(£2), L?(£2)) we say that B is a
regular integral operator (see [4]). If B ~ K, then B > Qif and only if K (x, y) > 0,
x, y almost everywhere.

Moreover, if B ~ K and if By € L(L?, L9) satisfies

IBofl = BIfl  (felP),

then By is an integral operator and its kernel K satisfies |Ko(x, y)| < K(x,y) x, y
almost everywhere (see [22, IV. 9]).
Now we are able to formulate the above mentioned assertion precisely.

Theorem 4.4. Let A be self-adjoint and assume that T admits an upper Gaussian
estimate. Then R(\, Ap) is a regular integral operator for all » € p(A,) = p(A)
(1 < p < 00). Moreover, if N = 1 then the kernel of R(\, A,) is bounded (A €
p(Ap), 1< p < 00).

Remark 4.5. It has been shown in [19] that T}, is a holomorphic Cy-semigroup of
angle m/2 (1 < p < oo) whenever A is self-adjoint and 7 admits-an upper Gaussian
estimate. Regularity results for the Cauchy problem defined by i A, are obtained in

[11].

5. Examples. Here we describe the class of operators to which our results can be
applied. Let Q2 C R be an open set.

Example 5.1 (the Laplacian). a) The Dirichlet-Laplacian is defined on L2(2) by
DA) ={f e Hol(sz) CAf e L2(Q)}, Af = A f (see [8] for the definition of the
Sobolev spaces HY(Q), Ho ().

b) The Pseudo-Dirichlet-Laplacian is defined on LZ(Q) by D(A) = {f € L}(Q) :
f e H'®M), Af € L¥(Q)}, Af = Af, where f denotes the extension by 0 of f
to RV and Af is defined as an element of D(Q)'. See [2], [3] for this example. Note
that the Pseudo-Dirichlet and the Dirichlet-Laplacian coincide if 2 is of class C'.
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c) The Neumann-Laplacian is the operator A on L*(2) such that — A is associated
with the form

a(u, v) =/ Vu Vudx
Q .

on L2(2) with D(a) = HY(Q).

If A is any one of these three operators, then A is self-adjoint and generates a
Co-semigroup T on L2(2) which satisfies an upper Gaussian estimate. (In the case-
c) we assume in addition that 2 has the extension property (see [9])). In fact, in the
cases a) and b)one has 0 < T(¢) < G(¢) (¢t = 0); see [2], [3], [9], [20]. In the case
c) we refer to [9, Theorem 3.2.9 p. 90].

Let T, be the consistent semigroups on LP(£2) such that T, = T and denote by
A, the generator of T,. We conclude from Corollary 4.3 that 0 (A,) = 0(A,) (p €
[1, 00)). Moreover, R(X, A,) is a regular kernel operator for all A € p(A,) (with
bounded kernel if N = 1).

Remark. 1) The p-independence of the spectrum in the case a) and b) follows also
from Schreieck-Voigt [26] ; in fact, in that case the operator is of the form “A — u”
with u a suitable measure.

2) It has been proved before in [4] that R(A, A,) is a regular integral operator for
all A € p(A)p) if & is bounded.

3) If Q is bounded one can also use Proposition 1.1 to obtain p-independence of
the spectrum.

Example 5.2 (Uniformly elliptic operators of second order). Let a;; € L|

toc (£2)
such that a;; = a;; and

N .
alg” < > ai;(x)&g < BIEP  x—ae.

ij=1

forall € € RV, where o, B > 0. Define the bilinear form

N
a(u,v) = z fa,-j(x)D,'uDjv dv.

ij=1

a) Let D(a) = C(). Then a is closable. Let —A be the operator on L?(Q)
which is associated with a. We call A a uniformly elliptic operator with Dirichlet
boundary conditions.

b)Let D(a) = H'(2). Then a is a closed form. Let —A be the operator on L2(£2)
associated with a. We call A a uniformly elliptic operator with Neumann boundary
conditions.

Let A be a uniformly elliptic operator with Dirichlet or Neumann boundary con-
ditions. Then A is self-adjoint and generates a positive semigroup T on L2. Assume
that © has the extension property if Neumann boundary conditions are considered
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(but 2 may be arbitrary in the case of Dirichlet boundary conditions). Then T sat-
isfies an upper Gaussian estimate (see {9, Corollary 3.2.8 p. 89 and Theorem 3.2.9
- 90]). Let T, be the consistent semigroup on L? such that T, = T and denote by
A, the generator of T, (1 < p < 00). Then o' (A,) is independent of p € [1, c0).
Moreover, R(), Ap) is a regular integral operator for all X € p(Ap).

Example 5.3 (Schrodinger operators). Let A = A — V on L%(RV) where V :
RY — R is measurable such that V_ is in Kato’s class and V. € L} (R"). Then A
(with suitable domain) is a self-adjoint operator which generates a Cy-semigroup T
on L2(R"). Then by [24, Prop. B.6.7], T satisfies an upper Gaussian estimate. Let
T, be the consistent Cp-semigroup on L? such that 7, = T and A, the generator
of T,. Then by Corollary 4.3, 0(Ap) = 0(A2) (1 < p < 00). This result is due to
Hempel and Voigt [14].

Example 5.4 (Non-selfadjoint examples). Let A be any of the above operators and
let M, € L(L?)begivenby M,, f = mf wherem : Q@ — Cis a bounded measurable
function. Then by Theorem 4.2 the set p (A, + M,) is independent of p € [1, 00).

6. Proofs of the main results. Let @ C R be open. The following criterion is
well-known (see, e.g., [4] or [17] for a proof and references).

Proposition 6.1. The formula

B = [ K@ fOMy (f < Li@) 6.1)
establishes an isometric isomorphism K +— Bx of L®(Q x Q) onto
L(L' (), L®()).

We also use the following fact (see [22, Chap. IV]).
Proposition 6.2. Let 1 < p,q < oo. Let'B € L(LP(2), L1(2)) be an integral
operator, B ~ K. Let By € L(LP(S2), L9(S2)) such that

[BofI = BIfI  (f € LP()).

Then By is a regular integral operator and |Ko(x, y)| < K(x, y) x, y almost every-
where, where Ky ~ By.

In the following we keep the hypotheses and notations of §4. In particular, T,
1 < p < oo is a family of consistent Cy-semigroups of L?(£2) such that the estimate
(4.3) holds. The generator of T, is denoted by A,,.

Fore € RY, x € RV we let

N
ex = E Ej Xg.
j=1
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Let L? = LP(Q), LY = LP(Q, e P dx) = {f : @ = C: [ |f(x)|Pe™P*dx <
oo}, where 1 < p < 00, & € RY. Then (Uep f)(x) = ™% f(x) defines an isometric
isomorphism of L? onto L?. Hence T, ,(t) = U T () Ue,p defines a Co-semigroup
T,ponLZ.

It follows from (4.3) and Proposition 6.2 that T, (¢) is an integral operator, say
Z,,(t) ~ K(¢,.,.); itis obvious that the kernel does not depend on p. Consequently,
T:p(t) ~ Kc(2, ., .) where

Kot x,y) = VK@, x, y). (6.2)

Example 6.3. Let b > 0 and consider the semigroup S,(t) = G,(bt). Let & € RV,
Let S;,,(t) = U7 T, (1) Us, . Then
Se.p(t) = exp (bte?) G, (bt) V(2bte) (¢ > 0), (6.3)

where (V(a) f)(x) = f(x —a) (x e RY, a € RY). In fact,

~ 1 2
Gep (O ) = v / HD) =GV 4Bt £ (3 1y

1 1
= (4bt)N/2 / €xp {—Zb—t((x -y) - 2bl‘£)2} exp (bt82)f(y)dy

_ 2y 1 Ly ‘
= exp (bte )W/exp( 4bt(x y) )ffy—2bts)dy,

which is (6.3).

Proposition 6.4. 1. Lete e RY, 1 < p < 00. Then
@ T.,(0)(LENLPYCLENL? (1>0);

(b) there exists a Co-semigroup Ty , on L? such that T, ,(t) f = T, ,(t) f (f €
LPNLE).

2. There exist M| > 0, wy > O such that

1T, (Oll < Mie”* (¢t =0) (6.4)

forallle] <1,1 < p < o0.
3. For A > w, one has

llsl‘rf}) IR, Agp) — R(A, Ap)ll =0, (6.5)

where A, , denotes the generator of Ty, on LP(2), 1 < p < 0o.

Proof. It follows from (4.3) that

ITe (0 ] < ce® S, (DI f] (6.6)
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(t >0, f e LE(Q) N LP(R)), where Eg,p’js given by (6.3). This implies 1(a).
Moreover, it follows from (6.3) and (6.6) that T, ,(t) is bounded for the L? (2)-norm.
Thus, there exist T; ,(t) € L(LP) such that T, ,(¢) f = i‘p(rt)f (feLPnL). 1t
is clear that T;, ,(t +5) = T p ()Tt , (s) (s, ¢ = 0). In order to prove 1(b) it remains
to show that T; ,(¢t) f — f (¢t | 0) in LP(Q) for all f € LP(). Since T ,(¢) is
bounded for ¢t € [0, 1], it suffices to consider functions with compact support.

Let f € L? such that f(x) = O for |x| > r, where r > 0. Then

Iimj)up 1Te.p (D f = fII]

< limsup /| (1T0E* HE = F@1) dx + lim /

I
0 xeQ x

<lim{elI? ﬁ [(T,(0)(e™® f)(x) — e f(x)|Pdx

t10

(Tp®1 fD(x)%dx

xeQ

+ [ (ce” S, O FD(x)?dx)
|x|>r

<lim{e P IIT, 0@ ) =™ flp + /

|xi>

lce™ (Se., (DI F1)(X) — | £ (x)|Pdx)
<limflce” e, 01 f1 = 1/11F = 0. '

2. Follows from (6.6) and (6.3).
3. We first show that for 1 > § > 0,

limsup sup [T, () — T,(0)]| = 0. ©6.7)
lely0  d=r<1/s

In fact, T, (t) — T:.,(t) ~ K (t, x, y)(1 — e¥&) (see (6.2)). Since

1K, x, y)(1 — &) < ce® =GB | o)

1
(4 bt)N/2
one has for § <t < 1/8, [(T; p(t) — T,(®)) f| < const Q| f| (f € L?), where
0.8 = g * q° with g°(x) = e~*/*|] — ¢**| But ¢* € L'(RY) and |g°|| — 0
(le] 4 0) by the dominated convergence theorem. Since ||T;,,(¢) — T, (1) <
const [|g°||; for 8 <t < %, (6.7) follows.
Now let A > w;. Then forall § > 0,

[oe]
limsup ||R(X, A;,p) — R(A, Ap)|l < limsup f e‘“”TP(t) — T ,(®)|dt
€130 lel}0 0

g~ O—wn/8)

8 (o)
< 20,(( / + / Ye~MeMitdr) < 2M, (5 +
0 1/

Since § > 0 is arbitrary, (6.5) follows. [

A—w

It is clear from the construction that the semigroups T, , on L? and i p on
LE are consistent. Consequently, R(A, A ;) and R()\,Zg',,) are consistent for
Rel > max(w(Ag p); w(Ke'p)), where o (B) denotes the type of a semigroup S
with generator B. Thus we obtain from Proposition 2.2 the following.
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Proposition 6.5. The operators R(\, A;,,) and R(A, K;, p) are consistent for all
A € [p(Aep) N p(Ag,p)]oo-

Here, for 0 C C open, we let O, be the connected component of O which contains
aright halfplane {A € C: Re A > w} for some w € R.
Remark. We do not know whether the resolvents R(A, A¢,,) and R(A, As p) are

consistent forall A € (p(Ag,p) N p(AE »)). Also in the proof of [14, Proposition 3.8]
a connectedness argument is needed, even though it is not carried out there explicitly.

Note that by construction, p(Zg' p) =p(Ap) and
R, Acp) f = (R, A f) (f € LD)
forall A € p(Ap). Thus Proposition 6.5 can be reformulated by saying
RO Agp) f =€ (RO, Ap)(e™ f)) _ (6.8)

whenever f,e™** f € L?, A € (p(As,p) N p(Ap))oo- : -
The following proposition expresses the upper semicontinuity of the spcctrum for
unbounded operators (cf. [16, p. 212]).

Proposition 6.6. Let A be an operator on X, A € p(A). Let X be a compact
subset of p(A). Then there exist ¢ > 0 and c > 0 such that for all opemtors B
on X with A € p(B) and ||R(A, B) — R(A, A)|| < ¢ one has K C p{B)and
sup,ex IR(1, B)|| < c. e

Proof. We can assume A = 0. Let M = sup, . lw — ;,LZR([L A)|l and ¢ = 2M

Assume that B is an operator such that 0 € p(B) and JA~! — B7!|| < e. Let w E:
K\{0}. Then (;; =A™~ = [(A~ u)A"]“ = —pARu, A) = u—u*R(u, A).
Hence ||<l—A H=t.(B- A DI <3ithus Q= —(;—AT) (BT —A"Y)

is mvertlble and |Q7V]| < 2. Consequcntly,
1 1
(u=B)=-pu(——=B HB=—-pu(——A""+47"-B)B
u m
1 : 1
=—pu(——A NI = (==Aa")' B -Aa)B
I I

is invertible and R(u, B) = —B~'Q~'(I — wR(u, A)). Moreover, |R(u, B)|| <
IB='12 supycx I = AR(X, A)] =:¢c. O
We use the following notation. Let 1 < p,q,r < 0o, B € L(LP?). Then we set
IBllcws,Lry := sup {IBfIl, : feLPNL?|flly <1}

Proof of Theorem 4.2. Let 1 < p,g < 00, L € pPoo(A,). We have to show that
u € p(A,). By Proposition 2.3 it suffices to show that || R(w, Ap)|l£(zey < 0. Since

1
R(u, Ay) = / T, 0dt+ e T, R(w, Ay, -~ (6.9)
0
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it suffices to show that

1T (1) R(1y Ap)ll£zey < o00. (6.10)

Let K be the image of a continuous path relating x with a point in {A € C
Re A > w,}. By Proposition 6.4.3 and Proposition 6.6 there exists &g > 0 such that

K C p(A;,p) whenever || < gg. Consequently, 1 € [p(A; ) N p(Ap)]oo. It follows
from (6.3), (6.6) that

! 1
sup || Te.p (3 e ey <00 and  sup | T; ,(3)llcezr, Ly < 00.
lel<eo lel<eo

Since Tg, p, (1) R(u, Ae p) = Tg,p(%)R(u, Ag‘,,)TE_I,(%), 1t follows that

cp = sup || Te ,(DR(u, Ae,p)ll £t Loy < 00. (6.11)
lel<€o
Itfollows from Proposition 6.1 that T;, , (1) R(u, A, ) is given by akernel K, such that

[Ke(x, y)| < c1 (x, y € @) almost everywhere. In particular, Ko ~ T,(1)R(u, Ap).
Since by (6.8),

Tep(DR(, Acp) f = €T, (D[e™ (¥R, Ap) (e )]
= eex(Tp(l)R()‘«, Ap))(e_”f)

whenever f,e ™ ** f € LP, it follows that
K:(x,y) = Ko(x, y)ef™™ X,y —ae.

Hence | Ko(x, Y eEN| < ¢ (x,y) almost evérywhere whenever |e| < gy. Conse-
quently, |Ko(x, y)| < cie”®PF ! (x, y) almost everywhere. This implies (6.10).

Proof of Theorem 4.4. We use the identity (6.9). It has been shown above that
e HT,()R(u, A,) is given by a kernel K| satisfying |Ko(x, y)| < conste™ ¢!
(x,y € ), where &g > 0.

On the other hand, since 7,(t) is a positive integral operator, it follows from
[4, Theorem 2.1] that fol e M T,(t)dt is a regular integral operator. Thus, by (6.9),
R(u, Ap) is a regular integral operator. Finally, if N = 1, then the kernel K (¢, x, y)
of T,(t) is dominated by const. t"%(x, y € 2,t > 0). Thus [T, ()l g 1oy <
constz~ 7. It follows that I fol e ¥ T,()dt| £, Loy < 00. Thus, by Proposition 6.1
the kernel of fol e ¥ T,(t)dt is bounded and identity (6.9) implies that R(u, A,) has
a bounded kernel as well.
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